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Generalized polarizabilities and the chiral structure of the nucleon
Thomas R. Hemmert,a Barry R. Holstein,b Germar Kno¨chlein,c and Stefan Schererc ∗
aTRIUMF, Theory Group, 4004 Wesbrook Mall, Vancouver, British Columbia, Canada V6T
2A3
bDepartment of Physics and Astronomy, University of Massachusetts, Amherst, Massachusetts
01003
cInstitut fu¨r Kernphysik, Johannes Gutenberg-Universita¨t, D-55099 Mainz, Germany
We discuss the virtual Compton scattering reaction e−p→ e−pγ at low energies. We present
results for the generalized polarizabilities of the nucleon obtained in heavy baryon chiral pertur-
bation theory at O(p3).
1. INTRODUCTION
At energies below the pion-production threshold, the amplitude for Compton scattering off the
nucleon may be expanded in a Taylor series in the momentum of the photon. The famous low-
energy theorem (LET) of Low [1] and Gell-Mann and Goldberger [2] makes a model-independent
prediction for the expansion up to and including linear terms. The Taylor series coefficients are
given in terms of the charge, mass, and magnetic moment of the target, i.e. properties of the
nucleon which can entirely be determined from different experiments. The derivation of this
theorem is based on gauge invariance, Lorentz covariance, crossing symmetry, and the discrete
symmetries. The description of second-order terms requires two new structure constants specific
to the real Compton scattering amplitude, the electric and magnetic polarizabilities α¯E and β¯M
(for an overview see, e.g., [3]).
The investigation of virtual Compton scattering (VCS) as tested in, e.g., the reaction e−p→
e−pγ, has recently attracted a lot of interest. Even though the experiments [4] will be consid-
erably more complicated than for real Compton scattering, there is the prospect of obtaining
completely new information about the structure of the nucleon which cannot be obtained from
any other experiment. Like in real Compton scattering, the model-independent properties of
the low-energy VCS amplitude have been identified in [5,6]. In [5] the model-dependent part
beyond the LET was analyzed in terms of a multipole expansion. Keeping only terms linear in
the energy of the final photon, the corresponding amplitude was parametrized in terms of ten so-
called generalized polarizabilities (GPs) which are functions of the three-momentum transfer of
the initial virtual photon. The number of independent GPs reduces to six, if charge-conjugation
invariance is imposed [7,8].
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22. KINEMATICS AND LET
Omitting the Bethe-Heitler contribution, the invariant amplitude for VCS reads
MV CS = −ie
2ǫµǫ
′∗
νM
µν = −ie2ǫµM
µ = ie2
(
~ǫT · ~MT +
q2
ω2
ǫzMz
)
, (1)
where ǫµ = eu¯γµu/q
2 is the polarization vector of the virtual photon (e > 0, e2/4π ≈ 1/137),
and where use of current conservation has been made. In the center-of-mass system, using the
Coulomb gauge for the final real photon, the transverse (longitudinal) part of MV CS can be
expressed in terms of eight (four) independent structures [6,9],
~ǫT · ~MT = ~ǫ
′∗ · ~ǫTA1 + · · · , Mz = ~ǫ
′∗ · qˆA9 + · · · , (2)
where the functions Ai depend on three kinematical variables, q¯ = |~q|, ω
′ = |~q ′|, z = qˆ · qˆ ′.
Extending the method of Gell-Mann and Goldberger [2] to VCS, model-independent predic-
tions for the functions Ai were obtained in [6]. For example, the result for A1 up to second order
in q¯ and ω′ is
A1 = −
1
M
+
z
M2
q¯ −
(
1
8M3
+
r2E
6M
−
κ
4M3
−
4πα¯E
e2
)
ω′2
+
(
1
8M3
+
r2E
6M
−
z2
M3
+
(1 + κ)κ
4M3
)
q¯2. (3)
To this order, all Ai can be expressed in terms of M , κ, GE , GM , r
2
E , α¯E , and β¯M .
3. GENERALIZED POLARIZABILITIES
For the purpose of analyzing the model-dependent terms specific to VCS, the invariant ampli-
tude is split into a pole pieceMA and a residual partMB . The s- and u-channel pole diagrams
are calculated using electromagnetic vertices of the form
Γµ(p′, p) = γµF1(q
2) + i
σµνqν
2M
F2(q
2), q = p′ − p, (4)
where F1 and F2 are the Dirac and Pauli form factors, respectively. The corresponding amplitude
Mγ
∗γ
A contains all irregular terms as q → 0 or q
′ → 0 and is separately gauge invariant.
The generalized polarizabilities in VCS [5] result from an analysis ofMγ
∗γ
B in terms of electro-
magnetic multipoles H(ρ
′L′,ρL)S(ω′, q¯), where ρ (ρ′) denotes the type of the initial (final) photon
(ρ = 0: charge, C; ρ = 1: magnetic, M; ρ = 2: electric, E). The initial (final) orbital angular
momentum is denoted by L (L′), and S distinguishes between non-spin-flip (S = 0) and spin-flip
(S = 1) transitions. According to the LET for VCS,Mγ
∗γ
B is at least linear in the energy of the
real photon. A restriction to the lowest-order, i.e. linear terms in ω′ leads to only electric and
magnetic dipole radiation in the final state. Parity and angular-momentum selection rules (see
Table 1) then allow for 3 scalar multipoles (S = 0) and 7 vector multipoles (S = 1). The 10
GPs, P (01,01)0, ..., Pˆ (11,2)1 , are functions of q¯2 and are related to the corresponding multipole
amplitudes as
P (ρ
′L′,ρL)S(q¯2) =
[
1
ω′Lq¯L
H(ρ
′L′,ρL)S(ω′, q¯)
]
ω′=0
, (5)
Pˆ (ρ
′L′,L)S(q¯2) =
[
1
ω′Lq¯L+1
Hˆ(ρ
′L′,L)S(ω′, q¯)
]
ω′=0
, (6)
3Table 1
Multipolarities of initial and final states
JP final real photon initial virtual photon
1
2
−
E1 C1,E1
3
2
−
E1 C1,E1,M2
1
2
+
M1 C0,M1
3
2
+
M1 C2,E2,M1
where mixed-type polarizabilities, Pˆ (ρ
′L′,L)S(q¯2), have been introduced which are neither purely
electric nor purely Coulomb type (see [5] for details). Only six of the above ten GPs are
independent, if charge-conjugation symmetry is imposed [7,8].
4. RESULTS IN CHIRAL PERTURBATION THEORY
The calculation of the generalized polarizabilities is performed within the heavy-baryon formu-
lation of chiral perturbation theory (HBChPT) [10] to third order in the external momenta. At
O(p3), contributions to the GPs are generated by nine one-loop diagrams and the π0-exchange
t-channel pole graph (see [9]). For the loop diagrams only the leading-order Lagrangians are
required [10],
L̂
(1)
piN = N¯v(iv ·D + gAS · u)Nv, L
(2)
pipi =
F 2pi
4
Tr
[
∇µU(∇
µU)†
]
, (7)
where Nv represents a non-relativistic nucleon field, and U = exp(i~τ · ~π/Fpi) contains the pion
field. The covariant derivatives ∇µU andDµNv include the coupling to the electromagnetic field,
and uµ contains in addition the derivative coupling of a pion. In the heavy-baryon formulation
the spin matrix is given by Sµ = iγ5σ
µνvν , where v
µ is a four-vector satisfying v2 = 1, v0 ≥ 1
[10]. Finally, for the π0-exchange diagram we require in addition to Eq. (7) the π0γγ∗ vertex
provided by the Wess-Zumino-Witten Lagrangian,
L
(WZW )
γγpi0
= −
e2
32π2Fpi
ǫµναβFµνFαβπ
0 , (8)
where ǫ0123 = 1 and Fµν is the electromagnetic field strength tensor.
At O(p3), the LET of VCS is reproduced by the tree-level diagrams obtained from Eq. (7)
and the relevant part of the second- and third-order Lagrangian [12],
L̂
(2)
piN = −
1
2M
N¯v
[
D ·D +
e
2
(µS + τ3µV )εµνρσF
µνvρSσ
]
Nv, (9)
L̂
(3)
piN =
ieεµνρσF
µν
8M2
N¯v
[
µS −
1
2
+ τ3(µV −
1
2
)
]
SρDσNv + h.c. . (10)
The numerical results for the ten generalized proton polarizabilities are shown in Fig. 1 [13].
As an example for S = 0, let us discuss the generalized electric polarizability α¯E(q¯
2),
α¯E(q¯
2)
α¯E
= 1−
7
50
q¯2
m2pi
+
81
2800
q¯4
m4pi
+O
(
q¯6
m6pi
)
, α¯E =
5e2g2A
384π2mpiF 2pi
= 12.8 × 10−4 fm3. (11)
For q¯2 = 0, the generalized electric polarizability α¯E(q¯
2) coincides with the electric polarizability
α¯E of real Compton scattering [5,7]. The prediction of the O(p
3) calculation for α¯E(0) =
4α¯E agrees well with the experimental value extracted from real Compton scattering, (12.1 ±
0.8 ± 0.5) × 10−4 fm3 [11]. In ChPT at O(p3) the generalized electric polarizability decreases
considerably faster with q¯2 than in the constituent quark model [5]. Note that at O(p3), the
results are entirely given in terms of the pion mass mpi, the axial coupling constant gA, and the
pion decay constant Fpi. This feature is true for all generalized polarizabilities.
The π0-exchange diagram only contributes to the spin-dependent GPs. As an example for a
spin-dependent GP, let us consider P (11,11)1,
P (11,11)1(q¯2) = −
1
288
g2A
F 2pi
1
π2M
[
q¯2
m2pi
−
1
10
q¯4
m4pi
]
+
1
3M
gA
8π2F 2pi
τ3
[
q¯2
m2pi
−
q¯4
m4pi
]
+O
(
q¯6
m6pi
)
. (12)
As a consequence of C invariance, P (11,11)1(0) = 0 [8] which, e.g., is not true for the constituent
quark model [5]. The predictions for the spin-dependent GPs originate from two rather distinct
sources—an isoscalar piece from pionic loop contributions, and an isovector piece from the π0γγ∗
vertex. It is interesting that the contributions of the pion-nucleon loops to the spin-dependent
GPs are much smaller than the contributions arising from the π0-exchange diagram.
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5Figure 1. GPs of the proton as a function of q¯2. The dashed line is the contribution from
pion-nucleon loops, the dotted one from the π0 exchange graph and the dash-dotted line the
sum of both.
